is a uniformly open mapping. We also prove the uniform openness of the multiplication from ℓ 1 × c 0 to ℓ 1 . This strengthens the former results obtained
Introduction
Let N = {1, 2, . . . 
In [1, Prop. 1] it was shown that the multiplication in R is a uniformly open mapping. Using a similar proof, we extend it slightly as follows. Lemma 1. For any r, R > 0 and x, y ∈ R we have
Proof. Fix r, R > 0 and x, y ∈ R. Let |z − xy| < rR 4 . Consider three cases: 1 0 |x| > r/4. Put u = x and v = z/x. Then z = uv and |u − x| < r. Also
. Put v = y and u = z/y. The rest is analogous to 1 0 .
3 0 |x| ≤ r/4 and |y| ≤ R/4. Put u = |z|r R , v = |z|R r sgn z. Then z = uv and
Similarly, |v − y| < R.
The results
Fix a measure space (X, S, µ), where µ is a measure on the σ-algebra S of subsets of X.
We will consider the respective Banach spaces
this is a bilinear continuous surjection (the fact that it is well defined follows from the Hölder inequality). One of the main results of [1] 
is a uniformly open mapping. More exactly, for any ε > 0,
Except for Lemma 1, two next lemmas will be needed.
Lemma 3. For every f ∈ L 1 and every ε > 0, there exists A ∈ S such that µ(A) < ∞, sup{|f (x)| : x ∈ A} < ∞ and X\A |f | dµ < ε.
|f (x)| = ∞}) = 0 and hence
In particular, there exists k ∈ N such that
Clearly, for every x ∈ A k , |f (x)| ≤ k, and since also |f (
We say that an S-measurable function f : X → R is countably valued, if f is of the form n∈N a n χ An , for a sequence (a n ) of reals and a sequence (A n ) of sets in S which constitute a partition of X. Clearly, if p ∈ [1, ∞) and f = n∈N a n χ An ∈ L p is countably valued, then
Lemma 4. Let p ∈ [1, ∞) and let q ∈ (1, ∞] be such that 1/p + 1/q = 1. Then for every ε > 0 and any countably valued functions f ∈ L p , g ∈ L q and h ∈ B 1 (f g, ε 2 /4), we have
Then there exist a sequence (A n ) of sets in S that form a partition of X, and
(Clearly, we can fix a common partition of X which determines the expressions of f , g and h; then µ(A n ) < ∞ for all n ∈ N.)
If E = N, the assertion is trivial. So, assume that E = N. Put
and for every n / ∈ E,
The next part of the proof is divided into two cases.
and we prove ||v − g|| q < ε in an analogous way.
Case 2: p = 1 (then q = ∞). For every k / ∈ E, we have
Applying Lemma 1 to
and
. We first deal with the case when µ(X) < ∞ and f, g, h are bounded. Let M > 0 be such that µ(X) < M and sup x∈X {|f (x)|, |g(x)|, |h(x)|} ≤ M . Let ε 1 > 0 be such that
Since 4||h − f g|| 1 < ε, we can choose such an ε 1 . Now let δ > 0 be such that
Let g ′ be countably valued function associated with g in an analogous way. Then for all x ∈ X we have
Hence, by (2), we obtain (recall that M 1/∞ = 1):
By (1), such a choice of d is possible. Let a n = d n M for n ∈ N ∪ {0}. Since d ∈ (0, 1), we have a n ց 0.
Define h ′ in the following way:
, a n ) and n ∈ N ∪ {0};
• h ′ (x) = −a n+1 if h(x) ∈ (−a n , −a n+1 ] and n ∈ N ∪ {0}.
Clearly, h ′ is countably valued, bounded by M , and for every x ∈ X with h(x) = 0, (3) and (5) we have
Then by (8),
Now, define a function α : X → R in the following way:
By (7), 1 ≤ α(x) ≤ 1/d for every x ∈ X and h = αh ′ = (αu)v. Finally, by (1), (3), (6) , (9) we
This ends the case when µ(X) < ∞ and f, g and h are bounded. Note that, if p = 1, q = ∞, the above reasoning works without the boundedness of g. Indeed, g ∈ L ∞ means that g is essentially bounded and it suffices to choose M > 0 so that ||g|| ∞ ≤ M and sup x∈X {|f (x)|, |h(x)|} ≤ M .
This will be used below in Case 2. Now, we deal with a general case (where ε, f, g, h have the meanings as before). Let δ ∈ (0, ε) be such that
and let γ > 0 be such that
Then we consider two cases.
Using (10) and the first part of the proof for the space (A, Σ| A , µ| A ), we infer that there exist
Then h = uv and by (11), we have
and analogously, ||g − v|| q < ε.
Case 2: p = 1 (then q = ∞). Using Lemma 3 for the function x → max{|f (x)|, |h(x)|}, we obtain a set A ∈ S such that µ(A) < ∞, f | A , h| A are bounded and
A |f − u| dµ < δ and ess sup
Denote G = ess sup x∈X\A |g(x)|. If x ∈ X \ A, we additionally define
• v(x) = 1 otherwise (this holds on a set of measure zero).
Let also u(x) = h(x)/v(x) for x / ∈ A. Then h = uv and by (11) we have
Now, consider a particular case of (X, S, µ) where X = N, S = P(N) and µ is a counting measure on S. Then L p is reduced to ℓ p , for each p ∈ [1, ∞]. If we use Lemma 4 in this case, we obtain the following corollary. Instead of multiplication from ℓ 1 × ℓ ∞ to ℓ 1 , one can consider multiplication from ℓ 1 × c 0 to ℓ 1 which is a continuous open surjection (cf. [1] ). We will show its uniform openness which improves the result of [1] .
The following lemma is an elementary exercise. See [5, Exercise 12, Chapter 2].
Lemma 6. Assume that n∈N a n < ∞ where a n ≥ 0 for all n ∈ N and a n > 0 for infinitely many n's. If w k = ( n≥k a k ) 1/2 , k ∈ N, then n∈N (a n /w n ) ≤ 2 n∈N (w n − w n+1 ) = 2w 1 .
Theorem 7. Multiplication from ℓ 1 × c 0 to ℓ 1 is a uniformly open mapping. More exactly, for any ε > 0 and x ∈ ℓ 1 , y ∈ c 0 , we have
Proof. Let ε > 0 and x = (x n ) ∈ ℓ 1 , y = (y n ) ∈ c 0 . Consider z ∈ B 1 (xy, ε 2 /16). We will show that z = uv for some u = (u n ) ∈ B 1 (x, ε) and v = (v n ) ∈ B ∞ (y, ε) ∩ c 0 . Let E = {n ∈ N : z n = x n y n }. For all n ∈ E put u n = x n and v n = y n . Then consider two cases.
Case 1: N \ E is finite. This is similar to Case 2 in Lemma 4. If E = N, the assertion is trivial. So, assume that E = N. Put η = n / ∈E |z n − x n y n | and λ n = |z n − x n y n |/η for all n / ∈ E. Then η < ε 2 /16, λ n ∈ (0, 1] for all n / ∈ E, and n / ∈E λ n = 1.
For every k / ∈ E we have
Applying Lemma 1 to r k = λ k ε/2 and R = ε/2, we can find u k , v k ∈ R such that z k = u k v k and
Clearly, (v n ) ∈ c 0 since v n = y n for all but finitely many n's. for k / ∈ E.
From Lemma 6 it follows that k / ∈E λ k ≤ 1. By the choice of z we have η < ε/2. Hence for every k / ∈ E we obtain
